
Citation: Vidakovic J, Kvrgic V, Stepanic P. Numerical Simulation of Inertia Matrix for 6 DoF Industrial Robot. J Robot Mech Eng. 2021;1:1-4

01

Coalesce Research Group

Journal of Robotics and Mechanical Engineering

Research Article 2021: Volume 1, Issue 1

01

Numerical Simulation of Inertia Matrix for 6 DoF 
Industrial Robot

Received Date: 30-04-2021 Published Date: 17-05-2021

Jelena Vidakovic1*, Vladimir Kvrgic2 and Pavle Stepanic1

1Robotics department, Lola Institute, Serbia 
2Robotics department, Mihajlo Pupin Institute, University of Belgrade, Serbia

Corresponding author:  Dr. Jelena Vidakovic, Faculty 
of Mechanical Engineering, lola Institute, Serbia
E-mail: jelena.vidakovic@li.rs

Abstract
The robot dynamic model is essential for the precision and 

reliability of robot design, motion control, and simulation. 
A robot inertia matrix, whose elements are coefficients of 
joint accelerations within the robot equations of motion, 
plays an important role in the robot’s control design. During 
robot motion, elements of the inertia matrix are functions of 
robot configuration (robot joint positions). To facilitate the 
development of process models and to make an appropriate 
selection of motion control algorithms, it is useful to 
perform numerical simulations of inertia matrix elements 
for different robot trajectories. In this paper, numerical 
simulation of inertia matrix is presented for 6 DoF industrial 
robot with revolute joints for the programmed robot motion. 
Inertia matrix is obtained from the robot dynamical model 
developed by using modified recursive Newton-Euler 
algorithm. Based on the presented simulations, variation 
of effective inertias and magnitude and variation of cross-
coupling effects in the robot inertia matrix are examined.
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Introduction
Dynamics play a fundamental role in motion simulation, 

manipulation structure analysis, and control algorithm 
synthesis of robots [1-3]. The past several decades 
saw a considerable amount of research regarding the 
computational efficiency of robot dynamic models for various 
robots and multibody systems [1]. Owing to the development 
of modern-day computers, the ease of development and 
implementation (algorithm development for a specific robot) 
of an algorithm is another highly important feature, arguably 
even more important than computational complexity [1]. 

Recursive methods are the most computationally efficient 
methods for the development of the robot equations of 
motion, e. g. recursive Newton-Euler algorithm (RNEA) is 
the most efficient computational method used for deriving a 
robot’s dynamic equations of motion [1]. However, by using 
other methods such as Lagrange formulation of manipulator 
equations of motion, a compact analytical form containing 
n×n generalized robot mass (inertia) matrix H(q), and a bias 
vector u’, that denotes joint torque contributions which do 
not correlate with the joint accelerations, are obtained. The 
dynamic model in a compact form is important because it 
is used to design controllers and to analyze the stability, in 
the sense of Lyapunov, of the equilibria of the closed-loop 
system [4]. 

There are various ways to simplify the dynamic equations 
of a particular robot manipulator for control purposes [5]. 
One way is through the joint-space inertia matrix, which 
maps the joint accelerations to the joint torques/forces. The 
properties of the robot inertia matrix are comprehensively 
used in control design for robots [6]. Inertia matrix is 
symmetric, non–singular, and positive definite for each

nq R∈ .  For revolute joint robots, the inertia matrix also 
satisfies global bounds that are useful for control design [8]. 
In single joint control methods, diagonal elements of the 
inertia matrix influence the pole placement region of a closed-
loop control system of a robot [9]. Each element of an inertia 
matrix is a relatively complex expression of joint positions 
that depends on the numerical values of robot parameters 
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such as masses, inertias, and positions of centers of masses. 
It is argued that the general physical interpretation of the 
robot inertia matrix in which the diagonal terms are related 
to the effective inertias of the corresponding DoFs, and the 
off-diagonal terms express the inertial couplings between 
the DoFs is somewhat insufficient [7]. 

The inertia matrix can be simplified so that it accounts 
for the major coupling between axes but not for minor 
cross-coupling effects [5, 10]. This can achieve a significant 
reduction in the number of calculations, and more 
importantly, it could facilitate the practical process of control 
system design. There are not many papers in the literature 
where numerical calculation of real robot manipulator 
inertia matrix elements is given. To examine cross-coupling 
effects of non-diagonal inertia matrix elements for a desired 
robot trajectory and the magnitude of variation of diagonal 
elements, numerical simulations of robot inertia matrix 
elements can be used within design of control algorithms. 

In this paper, the numerical simulation of inertia matrix 
members for the programmed motion of 6DoF industrial 
robot RL15 is presented. Inertia matrix in closed form is 
obtained by implementation of the novel modified recursive 
Newton-Euler algorithm (mRNEA) presented in [1].

Calculation of Inertia Matrix Based on 
Mrnea for 6DoF Robot RL15

Motion equation for a manipulator with n degrees of 
freedom can be described in the following matrix form:

( ) ( ) ( ) ( ) e, + =TH q q + C q q q + g q J q k u         (1)

where q , q , and  q  are n×1 vectors of the joint accelerations, 
velocities, and positions, respectively; C(q,q)  is an n×n 
matrix consisting of centrifugal and Coriolis terms; g(q)is an 
n×1 vector of gravity terms; ke is a 6×1 vector of the external 
forces and moments acting on the last link n; J(q) is a 6×n 
Jacobian matrix; and u is an n×1 vector of the input joint 
torques/forces.

The n×n matrix  H(q) in Eq. (1) is known in the literature 
as the inertia matrix of a robot. When the inertia matrix 
is diagonal (no inertial coupling between any of the 
joint accelerations), it is obvious that each diagonal 
term represents the effective inertia associated with the 
corresponding joint acceleration. If the mass matrix is 
not diagonal, there is coupling between the generalized 
accelerations, and a torque/force applied by the motor in 
one robot joint will cause acceleration in the coupled joints. 
The coupling magnitude depends on the robot configuration, 
while the overall significance of the diagonal terms is no 
longer clear [7].

For the development of the mass matrix, several algorithms 
are presented in the literature [11-15]. In this paper, mRNEA 
algorithm is used to obtain equations of motion for the 6DoF 
robot RL15 from which inertia matrix elements are obtained 
using recursion [1]. The robot dynamic model is discretized 
in order to be suitable for implementation within discrete 
simulation systems and robot controllers [1], and for each 
interpolation period, it is given in the following form:

'

1
, 1 ,

n

i ij j i
j

u h q u i to n
=

= + =∑                                                      (2)

Given that motors with gearboxes are implemented in 
robot links, it is suitable to develop robot equations of 
motion relative to robot actuators, Eq. (3) [1]:

'

1
, 1 .

n

aij j ai ai
j

h q u u i to n
=

+ = =∑                                                 (3)

Where aijh , '
ai aiu u  relate to actuator rotors. Gear ratios for 

actuators of RL15 are given in [1]. In presented simulations, 
friction is neglected. 

Description of 6DoF robot RL15
RL15, Figure 1, is a 6DoF industrial robot with revolute 

joints, which is used for the development of experiments 
related to the development of motion control system of 
industrial robots. Calculation of inertial parameters of 
robot links (links’ masses and the moments of inertia about 
coordinate frame attached to the links) and geometric 
parameters of robot links, such as mass centre coordinates 
etc., was performed in CATIA software. The moments of 
inertia around the x, y and z axes of the coordinate frames 
attached to the robot links, respectively and the masses of 

the RL15 links are   1
ˆ 19yI = , 2

ˆ 1,157xI = , 2
ˆ 21.185yI = , 2

ˆ 21.75zI = , 

3
ˆ 45xI = , 

3
ˆ 45.1yI = , 

3
ˆ 0.478zI = , 

4
ˆ 2.691xI = , 4

ˆ 0.23yI = , 
4

ˆ 2.7zI = , 
5

ˆ 0.014xI =

,  
5

ˆ 0.008yI = , 5
ˆ 0.011,zI = , 6

ˆ 0.273xI =  kgm2, m1 = 252, m2 = 86.2, m3 
= 81, m4 = 45, m5 = 4.5, and m6 = 11 kg. The viscous and 
static coefficients of friction are neglected in the presented 
simulations. Effects of geometric (kinematic) coupling in 
the movement of the robot links, gearbox ratios, and data on 
implemented actuators are given in [1]. Axes 1 and 3 of the 
RL15 are actuated with the motors with maximum torque 
of 17.8 Nm. The maximum number of revolutions is 3150 
min−1. Axis 2 has a motor with a maximum torque of 38.6 
Nm and the maximum number of revolutions of 2800 min−1. 
Axes 4, 5, and 6 have motors with the maximum torque of 
3.47 Nm and the maximum number of revolutions of 3400 
min−1[1].  Within the simulation program, the external forces 
are fex=100, fey=100, and fez=–150 N.

Figure 1: 6DoF robot RL15.
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Results and discussion
Numerical simulations of the inertia matrix elements are 

performed for the trajectory of the end-effector of robot 
RL15, which is programmed in L-IRL robot programming 
language [17-18], and is presented in Figure 2a. The 
motion of RL15 in Figure 2a is visualized in the previously 
developed system for simulation and supervision of robotic 
cells [16]. For the end-effector motion given in Figure 2a, 
joint trajectories obtained from the RL15 trajectory planner 
are given in Figure 2b. Interpolation period is 5ms. For 
the trajectory given in Figure 2b, inertia matrix elements 
relative to robot actuators, i.e. coefficients haij, i=1..6, j=1..6, 
obtained using Eq. (3) with haij=hij/ri (ri is the gear ratio of 
the gearbox of axis i, note that in Eq. (3) acceleration of robot 
link, not rotor’s shaft appears) are calculated. In Figure 3, 
variation of selected elements haij of inertia matrix is given. In 
Table 1, maximal absolute values of inertia matrix elements 
relative to manipulator actuators haij for the joint trajectory 
given in Figure 2b are given (the values of diagonal inertia 
matrix elements are always positive). 

As it can be seen, angular acceleration coefficients hij in 
robot dynamic model are bounded. Fast variations present 
within several haij coefficients appear due to highly complex 
trigonometric dependence on robot joint positions. From 
numerical simulations presented in Figure 3, we can 
conclude that for the programmed robot motion of robot 
RL15 given in Figures 2, effective inertia (diagonal elements 
in matrix H(q)) vary significantly for axes 1-2, somewhat for 
axes 3-4, and negligibly for axes 5-6. This fact, together with 
the ratios of diagonal and non-diagonal coefficients hij could 
be used to simplify inertia matrix H(q), i.e. robot model, 
depending on the choice of the control strategy. Further 
research is necessary in this direction.

Conclusion
In this paper, numerical simulation of robot inertia matrix 

is presented for 6 DoF industrial robot for the desired robot 
motion. Simulation of inertia matrix elements is based on the 
discretized dynamic model of the robot obtained using the 
modified recursive Newton-Euler algorithm. The obtained 
graphs are intended to be used for control design purpose to 
determine the variation of effective inertias and magnitude 
and variation of cross-coupling effects in the robot inertia 
matrix. Further research should be carried out in order to 
examine the possibilities of simplification of robot inertia 
matrix for motion control design purposes.
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